Numerical simulations were carried out modeling the bioconvection generated by chemotactic bacteria in a shallow chamber, and the influence of the Rayleigh number on bioconvection was examined. To confirm the present numerical accuracy, the numerical result was compared with a previous analytical solution. The concentration distributions for a stationary flow field were in good agreement with the analytical solution. Next, the variation of flow and concentration fields with the Rayleigh number was examined. At small Rayleigh numbers, the bioconvection does not occur, and the bacterial cells collect near the free surface. The concentration distributions agree well with the analytical solution for the stationary fluid. At a critical Rayleigh number, bioconvection is formed in the center of the chamber. Since bioconvection increases with an increase in the Rayleigh number, a large difference between concentration distributions above the critical Rayleigh numbers and the analytical solution appears. The bacteria are active near the bottom wall in the chamber because adequate oxygen is supplied from the free surface. When bioconvection occurs, convective transport becomes dominant rather than the transport due to oxygen diffusion and bacterial swimming.
Inrtoduction
Microorganisms inhabit the earth in vast numbers, as a vast number of different kinds, many of which are mobile, using flagellar, ciliary and ameboid motions. They respond to gravity, light, chemical and magnetic influences, and move in selected directions due to outside stimuli. These responses are called taxes. For example, gravitaxis and chemotaxis are motion responses to gravity and chemicals. In suspension, microorganisms with a taxis concentrate near free surfaces. Cells of microorganisms are denser than water, so when a certain quantity of cells accumulates near a free surface, the cells fall and thus bioconvection is generated (1) .
There have been many studies of pattern formation due to the gravitaxis or gyrotaxis of microorganisms (2) - (5) . There exist chemotactic bacteria that respond to oxygen gradients.
Experimental and theoretical studies of the bioconvection due to chemotactic bacteria have been carried out (6) - (10) . Hillesdon et al. (7) performed theoretical analyses of steady state solutions in suspensions of bacterial cells with zero fluid velocity, and clarified that the steady state distributions of cells and oxygen depend only on the depth of the suspension. Hillesdon and Pedley (8) investigated the linear stability of such steady state solutions, and found that the concentration field becomes unstable if the Rayleigh number exceeds a critical value. Further, Metcalfe and Pedley (9) , (10) carried out weakly nonlinear analyses, and clarified the patterns and plumes formed at the onset of bioconvection. As well as these theoretical investigations, several experimental studies have been conducted. Pedley and Kessler (6) reviewed
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Vol. 4, No.3, 2009 the variation of bioconvection pattern with chamber depth in suspensions of Bacillus subtilis. Labyrinthine patterns were formed near the free surface in a shallow chamber, while the side view showed that the cells became inactive below a certain depth in a deep chamber. Hillesdon et al. (7) observed the same phenomena in a suspension of bacterial cells. However, these experimental studies is qualitative investigations, and thus quantitative observation is not fully performed.
In theoretical studies, there is a limit to what can be learned about bioconvection due to the chemotaxis of microorganisms, and quantitative experimental studies have not yet explored the phenomenon in detail. Therefore, the detail of bioconvection due to chemotactic bacteria has not been clarified. With this in mind, this study numerically simulates the bioconvection generated by chemotactic bacteria, and clarifies the variation of bioconvection pattern. Figure 1 shows the flow configuration and coordinate system. A suspension of bacterial cells is contained in a chamber of depth h. The origin is at the bottom of the chamber, and the x-and y-axes are in the horizontal and vertical directions, respectively.
Fundamental Equations and Numerical Method
The suspension is assumed to be sufficiently dilute for hydrodynamic cell-cell interactions to be negligible, and incompressible fluid is assumed. The fundamental equations for the fluid velocity are the continuity equation and the Navier-Stokes equations under the Boussinesq approximation (8) , given as
where t is time, u is fluid velocity, p is pressure, n is cell concentration, ρ n and ρ are the densities of a cell and of water respectively, ν is kinematic viscosity, V is the volume of a cell, g is the acceleration due to gravity, and e is the unit normal vector. The conservation equations for cells and oxygen are given as (7) ∂n ∂t
where c is the oxygen concentration, V is the average cell swimming velocity, D n is the cell diffusivity tensor, D c is the oxygen diffusivity, and K is the rate of oxygen consumption by a cell. In earlier study (12) , it is found that the swimming velocity of microorganisms had both directional and random components. This study uses the same model as that of Hillesdon et al. (7) . Random swimming is modeled as cell diffusion, and directional swimming as the average swimming velocity (13) , (14) . There is no term for reproduction or death of microorganisms in the cell conservation equation since the time scale for pattern formation is smaller than the time scale of reproduction. The orientation of microorganisms by viscous forces in a shear flow is also ignored. Non-dimensional oxygen concentration c * is defined as
where c 0 is the initial oxygen concentration, and c min is the minimum oxygen concentration required for the cell to be active. Cell diffusion is assumed to be isotropic, and the cell diffusivity tensor D n is modeled as where H(c * ) is a step function, and I is the identity tensor. The average cell swimming velocity vector V is modeled as proportional to the gradient of oxygen.
The oxygen consumption K is modeled as
where D n0 , b, V s , and K 0 are constants. In this study, the step function H(c * ) is modeled as an approximate equation to suppress the discontinuous change due to a step function (7) .
where c * 1 = 0.01 (7) . When oxygen is consumed by the cell, the non-dimensional oxygen concentration becomes zero. However, a small negative value may occur in the calculation. Thus, c * is taken to be c * = 0 in Eq. (9) for the case c * < 0.
The variables of the fundamental equations are non-dimensionalized by
where n 0 is the initial cell concentration. Then the fundamental equations are given as
S c
where the superscript * is omitted in the above equations for simplicity. The non-dimensional parameters are given as
The parameter β represents the rate of oxygen consumption relative to its diffusion, γ is a measure of the relative strengths of directional and random swimming, and δ is the ratio of oxygen diffusivity to cell diffusivity. Γ is the Rayleigh number and S c is the Schmidt number.
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Calculation Conditions
In this study, two-dimensional calculations are performed to clarify the variation of bioconvection pattern.
As the initial condition, the fluid in the chamber is stationary, and the cell and oxygen concentrations are constant. When no perturbation is added to the initial concentration, computation time until bioconvection progresses increases, and further a plume is not generated at the center of the camber. Therefore, a small perturbation is added to the uniform cell concentration so that a plume is formed at the center of the chamber.
Here = 10 −3 . A non-slip boundary condition is assumed at the bottom wall, and zero gradients in the y-direction are assumed for cell and oxygen concentrations, given as
The flux of cell concentration is zero, and oxygen concentration is constant.
Periodic boundary conditions are imposed in the horizontal direction for the velocity and concentration fields. Further, the following condition is imposed since the cell concentration in the computational region V is always constant.
The width of the computational region is set at h. The wavelength of the plume becomes h at the onset of bioconvection since a periodic boundary condition is used in the x-direction. This study used three uniform grids of 51 × 51, 101 × 101, 201 × 201 to examine the grid dependency of the numerical results. In the event, no grid dependency was observed, so only the results from the 101 × 101 grid are shown in the following.
It is known that the bioconvection pattern changes with the depth of the chamber (7) . The size of the chamber is a calculation parameter because the wavelength of the plume changes with the width and depth of the chamber. To investigate in detail the variation of bioconvection with the Rayleigh number, some calculation parameters other than the Rayleigh number were fixed in this study. This study simulates the bioconvection in a shallow chamber. The parameters used in this calculation are β = 1, γ = 10, and δ = 1, which are the same as in the previous study (9) . These values theoretically satisfy the condition for a shallow chamber.
Numerical Results and Discussion

Comparison with Theoretical Results
Earlier study (9) obtained the steady state concentrations of cells and oxygen in the stationary fluid analytically. Although the result does not represent the solution at the onset of bioconvection, the present result is compared with the analytical solution to confirm its numerical accuracy. Since the analytical solution is obtained for the stationary fluid, only the concentration field is calculated, without the Navier-Stokes equation. The steady state concentration field obtained in this calculation became a one-dimensional distribution toward the bottom wall. Figure 2 shows the oxygen and cell concentrations at x/h = 0.5. The present result is in good agreement with the analytical one. Since oxygen is supplied from the free surface, the oxygen concentration is high near the free surface and decreases toward the bottom wall. The oxygen diffuses to the bottom wall in the shallow chamber. The cells collect near the free surface where the oxygen is rich because chemotactic bacteria move in response to the oxygen gradient. Thus, the cell concentration is the highest near the free surface.
Occurrence of Bioconvection
Next, this study performs numerical calculations for various Rayleigh numbers Γ using the Navier-Stokes equation, and examine the variation of flow and concentration fields with the Rayleigh number. The parameters are β = 1, γ = 10, δ = 1, and S c = 1.
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Vol. 4, No.3, 2009 (a) Oxygen Figure 3 shows concentration contours for Γ = 200. Both oxygen and cell concentrations are high near the free surface, and decrease toward the bottom wall. The distribution becomes one-dimensional. The flow field is considered to be stationary because no variation in the velocity field is observed. In this study, it is confirmed that bioconvection does not occur until Γ = 600 and the concentration field becomes a one-dimensional distribution toward the bottom wall. Figure 4 shows concentration contours and velocity vectors for Γ = 700. The cell concentration shows that bacterial cells that accumulate near the free surface due to chemotaxis fall toward the bottom, and a plume is formed in the center of the chamber. The phenomenon occurs because the bacterial cells are denser than water. The previous study (16) also showed plume formation, visible in the side view of the suspension of chemotactic bacteria in a shallow chamber. It is also clear from the velocity vectors that bioconvection occurs and a symmetrical vortex pair is generated because the cells falling downward draw in the surrounding fluid. Further, it is found that the oxygen-rich fluid near the free surface is transported toward the bottom by bioconvection in the center of the chamber. Since a sinking bacterial cell consumes oxygen, the oxygen concentration becomes low near the bottom wall. The critical Rayleigh number lies between Γ = 600 and Γ = 700, because bioconvection occurs at Γ = 700. Figure 5 shows the results for Γ = 1000. Compared with the Γ = 700 case, the bacterial cells near the free surface sink deeper with increasing Rayleigh number since the influence of viscosity becomes small, and thus bioconvection grows. Although the oxygen concentration becomes lower near the bottom wall, it remains higher than the minimum required for bacterial activity. Therefore, it is considered that bacteria can swim there since the necessary oxygen is present even though the sinking bacterial cells consume oxygen. This presents the characteristics of bioconvection generated in a shallow chamber (9) , (10) . Figure 6 shows the oxygen and cell concentrations at x/h = 0.5 for Γ = 200, 600, 700, and 1000. Since bioconvection does not occur until Γ = 600, both profiles agree well with the analytical solution for the stationary flow field. However, the difference between the numerical and analytical results becomes large at Γ = 700. This signals the appearance of bioconvection. The oxygen concentration obtained in this study is higher than the analytical solution at y/h > 0.4, but becomes lower near the bottom wall. It is observed that the cell concentration is high under the free surface. Since bioconvection grows with increasing Rayleigh number, the discrepancy from the analytical solution becomes large.
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Transport Characteristics
In the following, flux distributions are shown to clarify the transport characteristics of cells and oxygen. The flux of cells and oxygen is defined as Figure 7 shows the oxygen and cell flux distributions in the y-direction at y/h = 0.5 for Γ = 1000. A falling plume and bioconvection occur at Γ = 1000 as shown in Fig.5 . Therefore, the total flux of oxygen is the greatest at x/h = 0.5 in the center of the plume. This presents the oxygen transport toward the bottom wall from the free surface due to the plume. Hillesdon et al. (7) conducted experiments using Bacillus subtilis in a deep chamber, and examined oxygen transport characteristics. Each cell flux also reaches a maximum around the center of the plume. Cell transport due to directional swimming is larger than that from random swimming. Since bioconvection occurs, convective transport of cells becomes larger than swimming transport.
Conclusions
Numerical simulations of the bioconvection generated by chemotactic bacteria in a suspension were carried out, clarifying the influence of the Rayleigh number on bioconvection.
To confirm the present numerical accuracy, the present numerical result was compared with the previous analytical solution. The concentration distributions for a stationary fluid were in good agreement with the analytical solution. Next, the variation of flow and concentration fields with the Rayleigh number was examined. At small Rayleigh numbers, bacterial cells collect near the free surface, and the concentration field becomes a one-dimensional distribution. The concentration distributions agree well with the analytical solution for the stationary fluid. At a critical Rayleigh number, the cells near the free surface form a plume, and bioconvection occurs. Bioconvection grows with an increase in the Rayleigh number. Therefore, a large difference appears between concentration distributions above the critical Rayleigh numbers and the analytical solution. The bacteria are active near the bottom wall in the chamber because adequate oxygen is supplied by diffusion and convection from the free surface. When bioconvection occurs, convective transport becomes dominant rather than the transport due to oxygen diffusion and bacterial swimming.
